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Let S and S˜ be naturally valenced association schemes on sets X
and X˜ , respectively, and let φ be a (combinatorial) morphism from
(X, S) to ( X˜, S˜). In Xu (2009) [X2], a necessary and suﬃcient con-
dition was given for φ to induce an algebra homomorphism from
the scheme ring CS to the scheme ring C S˜ . The present paper pro-
vides new techniques with which this result can be proved without
assuming ker(φ) to be ﬁnite. To do this, we will ﬁrst need to prove
that for any normal closed subset T of S , whether T is ﬁnite or in-
ﬁnite, the quotient S//T is a naturally valenced association scheme
on the set X/T . We will also need to discuss scheme ring homo-
morphisms of naturally valenced association schemes, and prove
some isomorphism theorems without assuming the kernels of the
scheme ring homomorphisms to be ﬁnite. As a direct consequence,
for a naturally valenced commutative association scheme S on a set
X and any closed subset T of S , the quotient S//T is a naturally
valenced commutative association scheme on the set X/T . The
approach in this paper is different from Xu (2009) [X2], and quasi-
algebraic morphisms of naturally valenced association schemes are
also studied.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Zieschang [Z, Chapter 5] introduced the notion of (combinatorial) morphisms for association
schemes. Although morphisms of association schemes have very nice properties and play an impor-
tant role in the study of algebraic structures of association schemes, they may not induce algebra ho-
momorphisms between the scheme rings of association schemes. Morphisms of association schemes
that induce algebra homomorphisms between their scheme rings have better properties. For example,
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combinatorial morphism from (X, S) to ( X˜, S˜). Unlike morphisms of other algebraic structures, φ(S)
may not be a closed subset of S˜ , and φ is not necessarily injective when the kernel of φ, ker(φ), is
{1} or surjective when φ(S) = S˜ . Furthermore, if ker(φ) is a ﬁnite subset of S , then S//ker(φ) is a
naturally valenced association scheme on the set X/ker(φ), and φ induces a combinatorial morphism
φ from (X/ker(φ), S//ker(φ)) to ( X˜, S˜) by [Z, Lemma 5.1.5]. But φ may not be injective. However,
if φ induces an algebra homomorphism from the scheme ring CS to the scheme ring C S˜ , then φ is
injective by [X2, Corollary 3.4(i)], φ(S) is a closed subset of S˜ by [X2, Lemma 3.5(i)], φ is injective if
and only if ker(φ) = {1} by [X2, Corollary 3.4(ii)], and φ is surjective if and only if φ(S) = S˜ by [X2,
Lemma 3.5(ii)]. With the assumption that ker(φ) is a ﬁnite subset, Theorem 1.4 of [X2] gives a nec-
essary and suﬃcient condition under which φ induces an algebra homomorphism from the scheme
ring CS to the scheme ring C S˜ . The main purpose of this article is to prove the results in [X2] with-
out assuming that ker(φ) is a ﬁnite subset (see Theorem 1.8 below; also see Section 4). To do this,
we will ﬁrst need to prove that for any normal closed subset T of S , whether T is ﬁnite or inﬁnite,
the quotient S//T is a naturally valenced association scheme on the set X/T (Theorem 1.5 below).
We will also need to study scheme ring homomorphisms of naturally valenced association schemes,
and prove some isomorphism theorems (Theorem 1.6 below and Theorem 3.4 in Section 3) without
assuming the kernels of the scheme ring homomorphisms to be ﬁnite. As a direct consequence, for a
naturally valenced commutative association scheme S on a set X and any closed subset T of S , the
quotient S//T is a naturally valenced commutative association scheme on the set X/T (Corollary 1.7
below). In addition, we will introduce the concept of a quasi-algebraic morphism (Deﬁnition 1.2 be-
low), and discuss its basic properties in Section 4. The approach in this paper is different from [X2],
and properties of quasi-algebraic morphisms are applied to prove Theorem 1.8 below.
The rest of this introductory section is devoted to the statements of deﬁnitions and main results.
Let us start with the deﬁnition of an association scheme. Our deﬁnition is adapted from the book of
Zieschang [Z]. Let X be a set, and S a partition of X × X . Then S is called an association scheme on X
if the following three properties hold:
(i) 1X ∈ S , where 1X := {(x, x) | x ∈ X}. (Usually we simply denote 1X by 1.)
(ii) For any s ∈ S , s∗ is also in S , where s∗ := {(y, z) | (z, y) ∈ s}.
(iii) For any p,q, r ∈ S , there exists a cardinal number apqr such that for any (y, z) ∈ r, |{x ∈ X |
(y, x) ∈ p and (x, z) ∈ q}| = apqr . (apqr are called structure constants of S .)
Deﬁnition 1.1. (See [Z, p. 83].) Let S and S˜ be association schemes on sets X and X˜ , respectively. Let
φ be a map from X ∪ S to X˜ ∪ S˜ such that
(i) φ(X) ⊆ X˜ and φ(S) ⊆ S˜ , and
(ii) for any x, y ∈ X and s ∈ S with (x, y) ∈ s, (φ(x),φ(y)) ∈ φ(s).
Then φ is called a (combinatorial) morphism from (X, S) to ( X˜, S˜).
Let S and S˜ be association schemes on sets X and X˜ , respectively, and let φ : (X, S) → ( X˜, S˜) be
a combinatorial morphism. Then φ(1X ) = 1 X˜ by [Z, Lemma 5.1.2], and for any s ∈ S , φ(s∗) = φ(s)∗
by [Z, Lemma 5.1.1]. If φ is bijective, then we say that φ is an isomorphism, and that S and S˜ are
isomorphic. In this case, we write S ∼= S˜ . The kernel of φ is deﬁned by
ker(φ) := {s ∈ S ∣∣ φ(s) = 1 X˜}.
If φ is injective, then ker(φ) = {1}. However, ker(φ) = {1} may not imply that φ is injective (see
Example 4.12 in Section 4 for such an example).
Let S be an association scheme on a set X . Then for any p,q ∈ S , let pq := {r ∈ S | apqr = 0}, and
for any nonempty subsets P and Q of S , let P Q := {r ∈ S | there exist p ∈ P and q ∈ Q such that
apqr = 0}. Let P , Q , and R be nonempty subsets of S . Then (P Q )R = P (Q R) by [Z, Lemma 1.3.3]. We
2384 B. Xu / Journal of Algebra 324 (2010) 2382–2404will write both (P Q )R and P (Q R) as P Q R . For any s ∈ S and any nonempty subsets P and Q of S ,
we will write {s}P as sP , P {s} as P s, and P {s}Q as P sQ , etc. Let T be a nonempty subset of S . Then
T is called a closed subset of S if T ∗T ⊆ T , where T ∗ = {t∗ | t ∈ T }. If T is a closed subset of S , then
1 ∈ T , T ∗ = T , and T ∗T = T . If X is a ﬁnite set, then T is a closed subset of S if and only if T T ⊆ T .
(See [BZ, Corollary 2.6].) If T is a closed subset of S , and for any s ∈ S , sT = T s, then T is called a
normal closed subset of S .
Let S and S˜ be association schemes on sets X and X˜ , respectively, and let φ : (X, S) → ( X˜, S˜) be a
combinatorial morphism. Then for any p,q ∈ S , φ(pq) ⊆ φ(p)φ(q) by [Z, Lemma 5.1.1]. However, it is
possible that φ(pq) = φ(p)φ(q). Such an example can be found in Example 4.12 in Section 4.
Deﬁnition 1.2. Let S and S˜ be association schemes on sets X and X˜ , respectively, and let φ : (X, S) →
( X˜, S˜) be a combinatorial morphism. If for any p,q ∈ S , φ(pq) = φ(p)φ(q), then φ is called a quasi-
algebraic morphism.
Let S and S˜ be association schemes on sets X and X˜ , respectively, and let φ : (X, S) → ( X˜, S˜) be a
combinatorial morphism. Then ker(φ) is a closed subset of S , but ker(φ) may not be a normal closed
subset. However, if φ is a quasi-algebraic morphism, then ker(φ) is a normal closed subset of S (see
Theorem 4.4(i) in Section 4).
Let S be an association scheme. For any s ∈ S , the valency of s is deﬁned by ns := ass∗1, and for
any nonempty subset T of S , the valency of T is deﬁned by
nT :=
∑
s∈T
ns.
A nonempty subset T of S is called naturally valenced [Z, p. 63] if every element of T has ﬁnite
valency.
Scheme rings and scheme ring homomorphisms of association schemes are important tools to
prove algebraic properties of association schemes. In [Z, Section 9.1], scheme rings were introduced for
association schemes of ﬁnite valency. But this deﬁnition also works for naturally valenced association
schemes. Let S be a naturally valenced association scheme on a set X . Let C be the ﬁeld of complex
numbers, and CX the C-space with basis X . For any s ∈ S , similar to [Z, Section 9.1], deﬁne σs ∈
EndC(CX) by
σs(x) :=
∑
(y,x)∈s
y, ∀x ∈ X .
Note that since S is naturally valenced, σs is well deﬁned. Furthermore, for any p,q, r ∈ S , apqr is
ﬁnite, and similar to [Z, Lemma 9.1.1(i)],
σpσq =
∑
r∈S
apqrσr =
∑
r∈pq
apqrσr .
For any nonempty subset T of S , let σT := {σs | s ∈ T }, and CT the C-space with basis σT . Then CS
is a subring of EndC(CX), called the scheme ring of the association scheme S . Note that σ1 is the
identity element of CS . For any closed subset T of S , CT is a subring of CS , called a scheme subring
of CS .
Now we introduce the concept of a scheme ring homomorphism.
Deﬁnition 1.3. (See [X2, Deﬁnition 1.3].) Let S , S˜ be naturally valenced association schemes, and
let T , T˜ be closed subsets of S and S˜ , respectively. A map ϕ : CT → CT˜ is called a scheme ring
homomorphism if the following properties hold:
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(ii) ϕ(σ1) = σ1˜ , the identity element of C S˜ , and for any s ∈ T , ϕ(σs) is a positive scalar multiple of
some element in σT˜ .
Deﬁnition 1.3 is similar to the deﬁnition of a C-algebra homomorphism in [BI, p. 149]. In their
book [BI], Bannai and Ito used C-algebras as a tool to study the algebraic properties of association
schemes. For a commutative association scheme S of ﬁnite valency, the scheme ring CS together with
the distinguished basis σS is a C-algebra. Another similar deﬁnition of a C-algebra homomorphism
can be found in [B].
Let S , S˜ be naturally valenced association schemes, and T , T˜ closed subsets of S and S˜ , respec-
tively. Let ϕ : CT → CT˜ be a scheme ring homomorphism. If ϕ is injective (surjective, bijective,
respectively), then we say that ϕ is a scheme ring monomorphism (epimorphism, isomorphism, respec-
tively). If ϕ is a scheme ring isomorphism, then we say that CT and CT˜ are scheme ring isomorphic,
and denote CT ∼=s CT˜ . If ϕ is an isomorphism such that ϕ(σT ) := {ϕ(σs) | s ∈ T } = σT˜ , then we say
that ϕ is an exact scheme ring isomorphism, CT and CT˜ are exactly isomorphic, and denote CT ∼=x CT˜ .
If both T and T˜ are of ﬁnite valency and CT ∼=s CT˜ , then CT ∼=x CT˜ by [X2, Corollary 2.5].
Deﬁnition 1.4. (See [X2, Deﬁnition 1.2].) Let S , S˜ be naturally valenced association schemes on sets
X and X˜ , respectively, and let φ : (X, S) → ( X˜, S˜) be a combinatorial morphism. If there is a scheme
ring homomorphism ϕ : CS → C S˜ such that
ϕ(σs) = ns
nφ(s)
σφ(s), ∀s ∈ S,
then we say that ϕ is induced by φ. We also say that φ induces the scheme ring homomorphism from
CS to C S˜ .
Let S and S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
φ : (X, S) → ( X˜, S˜) be a combinatorial morphism. If φ induces a scheme ring homomorphism from
CS to C S˜ , then clearly φ is a quasi-algebraic morphism. However, a quasi-algebraic morphism may
not induce a scheme ring homomorphism (see Example 4.13 in Section 4 for such an example). It is
well known that an isomorphism between (naturally valenced) association schemes induces a scheme
ring isomorphism. However, for naturally valenced association schemes S and S˜ such that S  S˜ , it is
possible that CS ∼=x C S˜ .
Let S be an association scheme on a set X . Then for any nonempty subset P of S , and any x ∈ X ,
deﬁne xP := {y ∈ X | (x, y) ∈ s for some s ∈ P }. Let T be a closed subset of S . Then {xT | x ∈ X} is a
partition of X . Fix x ∈ X , and deﬁne txT := t ∩ (xT × xT ), ∀t ∈ T , and TxT := {txT | t ∈ T }. Then TxT
is an association scheme on xT (see [Z, Theorem 2.1.8]), called the subscheme of S deﬁned by xT (see
[Z, p. 22]). Furthermore, let X/T := {xT | x ∈ X}, and S//T := {sT | s ∈ S}, where sT is deﬁned by sT :=
{(yT , zT ) | z ∈ yT sT }, for any s ∈ S . Note that for any p,q ∈ S , pT = qT if and only if TpT = TqT if and
only if pT ∩qT = ∅ if and only if TpT ∩ TqT = ∅ by [Z, Lemma 4.1.1]. If S is naturally valenced and T is
a ﬁnite closed subset of S , then S//T is an association scheme on X/T (see [Z, Theorem 4.1.3]), called
the quotient scheme of S over T (see [Z, p. 65]). In particular, for any pT ,qT , rT ∈ S//T , the structure
constant
apT qT rT = n−1T
∑
u∈TpT
∑
v∈TqT
auvr . (1.1)
Furthermore, for any s ∈ S , nsT nT = nT sT .
Now we are ready to state the main results of the paper.
Let S be a naturally valenced association scheme on a set X , and let T be a closed subset of S .
If T is normal, the next theorem says that S//T is a naturally valenced association scheme on X/T ,
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we cannot use n−1T in our theorem.
Theorem 1.5. Let S be a naturally valenced association scheme on a set X , and T a normal closed subset of S.
Then S//T is a naturally valenced association scheme on the set X/T . In particular, for any pT ,qT , rT ∈ S//T ,
the structure constant
apT qT rT =
∑
s∈qT apsr∑
t∈T aptp
, (1.2)
and the valency of pT ∈ S//T is
npT =
np∑
t∈T aptp
.
Remark. Let S be a naturally valenced association scheme, and T a normal closed subset of S . Then
for any p,q ∈ S , ∑s∈S apsq = np < ∞ by [Z, Lemma 1.1.3(iii)]. In particular, for any pT ,qT , rT ∈ S//T ,∑
s∈qT apsr  np < ∞, and
∑
t∈T aptp  np < ∞. So the fraction in (1.2) is well deﬁned, and is a ﬁnite
number (integer).
Let S be a naturally valenced association scheme, and T a normal closed subset of S . If T is ﬁnite,
then the formulas (1.1) and (1.2) are equivalent (see the remark after the proof of Theorem 1.5 in
Section 2 for more details). Another useful formula for the structure constants of the quotient scheme
will be given in Lemma 3.2 in Section 3.
Let S be an association scheme of ﬁnite valency, and T a closed subset of S . (Hence T is ﬁnite.)
Hanaki [H, Theorem 3.4] proves that if T is a normal closed subset, then there is a scheme ring
epimorphism π : CS → C(S//T ) such that π(σs) = (ns/nsT )σsT , for any σs ∈ σS . (The converse of
this result is also true. That is, if there is a scheme ring epimorphism π : CS → C(S//T ) such that
π(σs) = (ns/nsT )σsT , for any σs ∈ σS , then T is a normal closed subset of S . See [X3, Theorem 2.1
and Corollary 2.2] or [X2, Theorem 2.6].) The next theorem says that [H, Theorem 3.4] is also true
for a naturally valenced association scheme S and any normal closed subset T of S (T may not be
ﬁnite).
Theorem 1.6. Let S be a naturally valenced association scheme, and T a normal closed subset of S. Then the
linear map π : CS → C(S//T ) deﬁned by
π(σs) = ns
nsT
σsT , for any σs ∈ σS ,
is a scheme ring epimorphism.
The map π : CS → C(S//T ) in Theorem 1.6 is called the canonical scheme ring epimorphism from
the scheme ring CS to the scheme ring C(S//T ).
Theorems 1.5 and 1.6 are needed to prove the following Theorem 1.8. In addition, they have a few
corollaries. Here we present the following one. Some other corollaries will be presented in Sections 2
and 3.
A naturally valenced association scheme S is called commutative if its scheme ring CS is com-
mutative. Since any closed subset of a commutative association scheme is normal, the next corollary
follows from Theorems 1.5 and 1.6 directly.
Corollary 1.7. Let S be a naturally valenced commutative association scheme on a set X , and T a closed subset
of S. Then S//T is a naturally valenced commutative association scheme on the set X/T .
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φ : (X, S) → ( X˜, S˜) be a combinatorial morphism. If ker(φ) is a ﬁnite subset of S , Theorem 1.4 of [X2]
gives a necessary and suﬃcient condition under which φ induces a scheme ring homomorphism from
the scheme ring CS to the scheme ring C S˜ . The next theorem says that [X2, Theorem 1.4] is also true
without assuming that ker(φ) is ﬁnite.
Theorem 1.8. Let S and S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
φ : (X, S) → ( X˜, S˜) be a combinatorial morphism. Then φ induces a scheme ring homomorphism ϕ : CS →
C S˜ if and only if the following two conditions are satisﬁed.
(i) ker(φ) is a normal closed subset of S.
(ii) For any s ∈ S, nφ(s) = nsT , where T = ker(φ).
We will prove Theorem 1.8 in Section 4. Our approach to prove Theorem 1.8 is different from [X2].
Theorem 1.8 has a few corollaries. Here we mention the following one. Other corollaries will be
presented in Section 4.
Corollary 1.9. Let S and S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
φ : (X, S) → ( X˜, S˜) be a combinatorial morphism. Then the following are equivalent.
(i) φ induces a scheme ring homomorphism ϕ : CS → C S˜ .
(ii) φ is a quasi-algebraic morphism, and for any s ∈ S, nφ(s) = nsT , where T = ker(φ).
The rest of the paper is organized as follows. In Section 2 we study quotient schemes, and prove
Theorem 1.5 and its corollaries. Section 3 is devoted to discuss the properties of scheme ring homo-
morphisms. These properties generalize known results. Theorem 1.6 will be proved in this section. In
Section 4 we will ﬁrst study properties of quasi-algebraic morphisms, and then prove Theorem 1.8
and its corollaries.
2. Quotient schemes
Let S be an association scheme on a set X . For a nonempty subset P of S and any x ∈ X , recall that
xP = {y ∈ X | (x, y) ∈ s for some s ∈ P }. Let T be a closed subset of S . Then {xT | x ∈ X} is a partition
of X . Let X/T = {xT | x ∈ X}, and S//T = {sT | s ∈ S}, where sT = {(yT , zT ) | z ∈ yT sT }, for any s ∈ S .
It is well known that if S is a schurian scheme, then S//T is an association scheme on X/T . If S is
naturally valenced and T is a ﬁnite closed subset of S , then S//T is an association scheme on X/T
by [Z, Theorem 4.1.3]. A closed subset T of S is called a quotient subset of S if S//T is an association
scheme on X/T .
In this section we will ﬁrst prove Theorem 1.5, and then discuss its corollaries. Let us ﬁrst intro-
duce the following useful notation.
Notation. Let S be an association scheme on a set X . Then for any nonempty subset P of S , and for
any x, y ∈ X , if (x, y) ∈ s for some s ∈ P , then we write (x, y) ∈ P .
Let S be an association scheme on a set X , and T a closed subset of S . Then for any s ∈ S and any
x, y ∈ X , (xT , yT ) ∈ sT if and only if (x, y) ∈ T sT .
The next easy lemma is useful. We will apply this lemma in the proof of Theorem 1.5 below
without speciﬁcally referring to it.
Lemma 2.1. Let S be an association scheme on a set X , and let P and Q be nonempty subsets of S. Then for
any x, y ∈ X, (x, y) ∈ P Q if and only if there exists z ∈ X such that (x, z) ∈ P and (z, y) ∈ Q .
Now we are ready to prove Theorem 1.5.
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So, in order to prove that S//T is an association scheme on X/T , it is enough to show that for any
pT ,qT , rT ∈ S//T , and for any yT , zT ∈ X/T such that (yT , zT ) ∈ rT ,
∣∣{xT ∈ X/T ∣∣ (yT , xT ) ∈ pT and (xT , zT ) ∈ qT }∣∣=
∑
s∈qT apsr∑
t∈T aptp
.
Recall that
∑
s∈qT apsr < ∞ and
∑
t∈T aptp < ∞ by the remark after Theorem 1.5. Since {xT ∈ X/T |
(yT , xT ) ∈ pT and (xT , zT ) ∈ qT } = (yT )pT ∩ (zT )(qT )∗ , we have to show that
∣∣(yT )pT ∩ (zT )(qT )∗∣∣=
∑
s∈qT apsr∑
t∈T aptp
. (2.1)
Without loss of generality, by [Z, Lemma 2.1.4] we may assume that (y, z) ∈ r. Since T is a normal
closed subset of S , (qT )∗ = T ∗q∗ = q∗T by [Z, Lemma 1.3.2(iii)]. Therefore,
yp ∩ zq∗T =
⋃
s∈qT
(
yp ∩ zs∗).
Since S is naturally valenced, yp ∩ zq∗T is a ﬁnite subset of X . Thus, (y, z) ∈ r implies that
∣∣yp ∩ zq∗T ∣∣= ∑
s∈qT
∣∣yp ∩ zs∗∣∣= ∑
s∈qT
apsr < ∞. (2.2)
Let x ∈ yp ∩ zq∗T . Then (y, x) ∈ p and (x, z) ∈ qT . Hence, (yT , xT ) ∈ pT and (xT , zT ) ∈ qT . So
xT ∈ (yT )pT ∩ (zT )(qT )∗ . Thus, the map
Φ : yp ∩ zq∗T → (yT )pT ∩ (zT )(qT )∗, x → xT ,
is well deﬁned. Now we show that Φ is surjective. Let xT ∈ (yT )pT ∩ (zT )(qT )∗ . Then (yT , xT ) ∈ pT ,
and (xT , zT ) ∈ qT . Hence, (y, x) ∈ pT and (x, z) ∈ qT . But (y, x) ∈ pT implies that there exists x1 ∈ X
such that (y, x1) ∈ p and (x1, x) ∈ T . Hence x1T = xT . Since (x1, x) ∈ T , (x, z) ∈ qT , and T is normal,
we see that (x1, z) ∈ TqT = qT . Thus, x1 ∈ yp ∩ zq∗T . Therefore, for any xT ∈ (yT )pT ∩ (zT )(qT )∗ ,
there exists x1 ∈ yp ∩ zq∗T such that Φ(x1) = x1T = xT . So Φ is surjective, and hence {Φ−1(xT ) |
xT ∈ (yT )pT ∩ (zT )(qT )∗} is a partition of yp ∩ zq∗T .
Let x ∈ yp ∩ zq∗T . In the following we show that
Φ−1(xT ) = yp ∩ xT .
First, we claim that yp ∩ xT ⊆ yp ∩ zq∗T . In fact, for any x1 ∈ yp ∩ xT , we have that (y, x1) ∈ p and
(x1, x) ∈ T ∗ = T . But (x, z) ∈ qT . So (x1, z) ∈ TqT = qT . Thus, x1 ∈ yp ∩ zq∗T . Therefore,
yp ∩ xT ⊆ yp ∩ zq∗T , for any x ∈ yp ∩ zq∗T .
Now for any x1 ∈ yp ∩ xT , x1 ∈ xT implies that Φ(x1) = x1T = xT . Thus, x1 ∈ Φ−1(xT ), and hence
yp ∩ xT ⊆ Φ−1(xT ). But on the other hand, for any x1 ∈ yp ∩ zq∗T such that x1 ∈ Φ−1(xT ), it follows
from x1T = xT that x1 ∈ yp ∩ xT . So Φ−1(xT ) ⊆ yp ∩ xT . Hence, for any x ∈ yp ∩ zq∗T , Φ−1(xT ) =
yp ∩ xT .
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∣∣Φ−1(xT )∣∣= |yp ∩ xT | =∑
t∈T
aptp < ∞. (2.3)
That is, |Φ−1(xT )| is independent of the choice of xT . Since {Φ−1(xT ) | xT ∈ (yT )pT ∩ (zT )(qT )∗} is a
partition of yp ∩ zq∗T , from (2.2) and (2.3) we see that
∑
s∈qT
apsr =
∣∣(yT )pT ∩ (zT )(qT )∗∣∣∑
t∈T
aptp .
Therefore, (2.1) holds. The rest of theorem is clear. 
Remark. Let S be a naturally valenced association scheme, and T a normal closed subset of S . If T is
ﬁnite, then there are two formulas, (1.1) and (1.2), for the structure constants of the quotient scheme
S//T . These two formulas are certainly equivalent. That is, for any pT ,qT , rT ∈ S//T ,
n−1T
∑
u∈TpT
∑
v∈TqT
auvr =
∑
s∈qT apsr∑
t∈T aptp
. (2.4)
Here we give a direct proof of this equation. For a nonempty ﬁnite subset P of S , let
(σP )
+ =
∑
s∈P
σs.
Since T is ﬁnite, [X2, Lemma 2.8] implies that
σs(σT )
+ =
(∑
t∈T
asts
)
(σsT )
+, for any s ∈ S, (2.5)
and
σs(σT )
+ = ns(σT )+, for any s ∈ T .
Hence, (σT )+(σT )+ = nT (σT )+ . Furthermore, since T is normal, for any s ∈ S , σs(σT )+ = (σT )+σs .
Thus,
σp
(
σq(σT )
+)= n−1T (σp(σT )+)(σq(σT )+)
= n−1T
(∑
t∈T
aptp
)(∑
t∈T
aqtq
)
(σpT )
+(σqT )+
= n−1T
(∑
t∈T
aptp
)(∑
t∈T
aqtq
)∑
r∈S
( ∑
u∈pT
∑
v∈qT
auvr
)
σr . (2.6)
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σp
(
σq(σT )
+)=
(∑
t∈T
aqtq
)
σp(σqT )
+
=
(∑
t∈T
aqtq
)∑
r∈S
(∑
s∈qT
apsr
)
σr . (2.7)
Since {σr | r ∈ S} is a basis of the scheme ring CS , by comparing the coeﬃcients of σr in the equalities
(2.6) and (2.7), we get that
n−1T
∑
u∈pT
∑
v∈qT
auvr =
∑
s∈qT apsr∑
t∈T aptp
.
Since T normal implies that TpT = pT and TqT = qT , (2.4) holds.
The next corollary is a direct consequence of Theorem 1.5.
Corollary 2.2. Let S be a naturally valenced association scheme, and T a normal closed subset of S. Then the
following hold.
(i) For any s ∈ S, nsT divides ns.
(ii) For any p,q ∈ S, if q ∈ pT , then
nq∑
t∈T aqtq
= np∑
t∈T aptp
.
Let S be an association scheme, and T a closed subset of S . If S is a schurian scheme, then T is
always a quotient subset. If S is naturally valenced and T is ﬁnite or normal, then T is also a quotient
subset. The following natural question arises.
Let S be an association scheme, and T a closed subset of S. Under what necessary and suﬃcient condition
is T a quotient subset of S?
Let S be an association scheme, and T a quotient subset of S . For any nonempty subset R of S , let
R//T := {rT | r ∈ R}. Then R//T = (T RT )//T by [X1, Lemma 4.4(i)]. Furthermore, for any nonempty
subsets P and Q of S , (P//T )(Q //T ) = (P T Q )//T by [X1, Lemma 4.4(iii)]. The next corollary is a
direct consequence of Theorem 1.5 and [X1, Lemma 4.4]. We will need this corollary in Section 4.
Corollary 2.3. Let S be a naturally valenced association scheme, and T a normal closed subset of S. Then for
any p,q ∈ S, pT qT = pq//T .
Let S be an association scheme, and P a closed subset of S . If for any s ∈ S , s∗P s = P , then P is
called a strongly normal closed subset of S . Clearly a strongly normal closed subset is also a normal
closed subset. Let Oϑ (S) be the intersection of all strongly normal closed subsets of S , called the thin
residue of S . For any nonempty subset R of S , let 〈R〉 denote the intersection of all closed subsets of
S that contain R . Then 〈R〉 is also a closed subset of S , called the closed subset generated by R . The
next lemma is [Z, Theorem 3.2.1]. Although at the beginning of Section 3.2 of [Z], S is assumed to
have ﬁnite valency, [Z, Theorem 3.2.1] holds without this assumption. Also see [X1, Corollary 3.5].
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subset of S, and
Oϑ(S) = 〈s∗s ∣∣ s ∈ S〉.
Let S be a naturally valenced association scheme, and T a ﬁnite closed subset of S . Then
the quotient scheme S//T is thin if and only if T is a strongly normal closed subset of S by
[Z, Lemma 4.2.5(ii)]. In particular, if S//T is thin, then Oϑ (S) ⊆ T by [Z, Lemma 4.2.7(i)]. However,
Oϑ (S) ⊆ T may not imply that S//T is thin. If T is a normal closed subset of S and Oϑ (S) ⊆ T , then
Lemma 2.4 implies that p∗Tp = p∗pT ⊆ Oϑ (S)T = T , for any p ∈ S , and hence S//T is thin. Thus, we
have the following corollary. We do not assume that T is ﬁnite in this corollary.
Corollary 2.5. Let S be a naturally valenced association scheme, and T a normal closed subset of S. Then the
quotient scheme S//T is thin if and only if T ⊇ Oϑ (S).
3. Scheme ring homomorphisms
Scheme ring homomorphisms have been studied by several researchers. For the basic properties
of scheme ring homomorphisms, the reader is referred to [X2]. In the known results on scheme ring
homomorphisms, quotient subsets are required to be ﬁnite. In this section we do not assume that the
quotient subsets are ﬁnite. Our goal is to prove similar results for scheme ring homomorphisms by
applying Theorem 1.5.
Let us ﬁrst prove Theorem 1.6. The following two lemmas are needed in our proofs. The next
lemma is [Z, Lemma 2.3.1(i)]. Although in [Z, Lemma 2.3.1], T is assumed to have ﬁnite valency,
[Z, Lemma 2.3.1(i)] is also true when T has inﬁnite valency. Here we include a proof for the conve-
nience of the reader.
Lemma 3.1. Let S be an association scheme on a set X , T a closed subset of S, and p,q ∈ S such that q ∈ pT .
Then
∑
t∈T
aptp =
∑
t∈T
aptq.
Proof. Let y, z ∈ X such that (y, z) ∈ q. Note that for any t1, t2 ∈ T such that t1 = t2, zt∗1 ∩ zt∗2 = ∅. So
it follows from T ∗ = T that
∑
t∈T
aptq =
∑
t∈T
∣∣yp ∩ zt∗∣∣=
∣∣∣∣
⋃
t∈T
(
yp ∩ zt∗)
∣∣∣∣= |yp ∩ zT |.
But q ∈ pT . So (y, z) ∈ pT , and hence there exists z1 ∈ X such that (y, z1) ∈ p and (z1, z) ∈ T . Thus,
similar to the above we see that
∑
t∈T
aptp = |yp ∩ z1T |.
Note that (z1, z) ∈ T yields that zT = z1T . So the lemma holds. 
The next lemma gives another useful formula for the structure constants of the quotient scheme.
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pT ,qT , rT ∈ S//T ,
apT qT rT =
∑
s∈rT
∑
t∈T apqsasts∑
t∈T aptp ·
∑
t∈T aqtq
.
Proof. For any pT ,qT , rT ∈ S//T , by Theorem 1.5 the structure constant
apT qT rT =
∑
s∈qT apsr∑
t∈T aptp
=
∑
s∈qT
∑
t∈T apsraqtq∑
t∈T aptp ·
∑
t∈T aqtq
.
So, to prove Lemma 3.2, we need to show that
∑
s∈rT
∑
t∈T
apqsasts =
∑
s∈qT
∑
t∈T
apsraqtq.
From Lemma 3.1, for any s ∈ rT , ∑t∈T asts =∑t∈T astr . Furthermore, for any s ∈ S \ rT and t ∈ T , we
have that s /∈ rt∗ , and hence r /∈ st . Thus, astr = 0 for any s ∈ S \ rT . Therefore, since ∑s∈S apqsastr =∑
s∈S apsraqts by [Z, Lemma 1.1.1(iii)], it follows that
∑
s∈rT
∑
t∈T
apqsasts =
∑
s∈rT
∑
t∈T
apqsastr =
∑
t∈T
∑
s∈rT
apqsastr
=
∑
t∈T
∑
s∈S
apqsastr =
∑
t∈T
∑
s∈S
apsraqts
=
∑
t∈T
∑
s∈qT
apsraqts =
∑
s∈qT
∑
t∈T
apsraqts
=
∑
s∈qT
∑
t∈T
apsraqtq.
(The last equality follows from Lemma 3.1.) Hence, Lemma 3.2 holds. 
Now we are ready to prove Theorem 1.6.
Proof of Theorem 1.6. Since π(σ1) = σ1T , we only need to show that π is an algebra homomor-
phism. For any s ∈ S , since ns/nsT =
∑
t∈T asts by Theorem 1.5, we see that π(σs) = (
∑
t∈T asts)σsT .
Let p,q ∈ S . Then by Lemma 3.2,
π(σpσq) = π
(∑
s∈S
apqsσs
)
=
∑
s∈S
apqsπ(σs)
=
∑
s∈S
apqs
(∑
t∈T
astsσsT
)
=
∑
rT ∈S//T
(∑
s∈rT
∑
t∈T
apqsasts
)
σrT
=
(∑
t∈T
aptp ·
∑
t∈T
aqtq
) ∑
rT ∈S//T
( ∑
s∈rT
∑
t∈T apqsasts∑
t∈T aptp ·
∑
t∈T aqtq
)
σrT
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(∑
t∈T
aptp ·
∑
t∈T
aqtq
) ∑
rT ∈S//T
apT qT rT σrT
=
(∑
t∈T
aptp ·
∑
t∈T
aqtq
)
σpT σqT
= π(σp)π(σq).
That is, for any p,q ∈ S , π(σpσq) = π(σp)π(σq). So π is a scheme ring epimorphism. 
Let S , S˜ be naturally valenced association schemes, and let ϕ : CS → C S˜ be a scheme ring homo-
morphism. Then deﬁne
kerS(ϕ) :=
{
s ∈ S ∣∣ ϕ(σs) is a positive scalar multiple of σ1˜}.
kerS (ϕ) is called the kernel of ϕ in S . The next theorem gives some basic properties of kerS (ϕ).
Theorem 3.3. (See [X2, Theorem 2.6].) Let S, S˜ be naturally valenced association schemes, and let ϕ : CS →
C S˜ be a scheme ring homomorphism. Then the following hold.
(i) kerS (ϕ) is a normal closed subset of S.
(ii) Let r, s ∈ S. Then r kerS(ϕ) = s kerS (ϕ) if and only if ϕ(σr) and ϕ(σs) are scalar multiples of the same
element in σ S˜ .
(iii) ϕ is injective if and only if kerS (ϕ) = {σ1}.
Let S , S˜ be naturally valenced association schemes, and let ϕ : CS → C S˜ be a scheme ring ho-
momorphism. Since kerS(ϕ) is a normal closed subset of S by Theorem 3.3, we have the quotient
scheme S//kerS (ϕ) by Theorem 1.5. The next theorem provides a necessary and suﬃcient condition
under which the scheme ring homomorphism ϕ : CS → C S˜ induces a scheme ring monomorphism
ϕ˜ : C(S//kerS (ϕ)) → C S˜ .
Theorem 3.4. Let S and S˜ be naturally valenced association schemes, and let ϕ : CS → C S˜ be a scheme ring
homomorphism. Let π : CS → C(S//kerS (ϕ)) be the canonical scheme ring epimorphism. Then ϕ induces a
scheme ring monomorphism
ϕ˜ : C(S//kerS(ϕ))→ C S˜
such that
ϕ = ϕ˜π
if and only if for any s ∈ kerS (ϕ), ϕ(σs) = nsσ1˜ .
In order to prove Theorem 3.4, we need the next lemma.
Lemma 3.5. Let S be a naturally valenced association scheme, and p,q, s ∈ S. Then
ap∗qsns = apsqnq · np∗
np
.
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∑
t∈S
ap∗qtats∗u =
∑
t∈S
ap∗tuaqs∗t .
In particular, by taking u = 1 we get that ap∗qsns = aqs∗pnp∗ . But aqs∗pnp = apsqnq by [Z, Lem-
ma 1.1.3(ii)]. So
ap∗qsns = aqs∗pnp∗ = aqs∗pnp · np∗
np
= apsqnq · np∗
np
.
Hence, Lemma 3.5 holds. 
Proof of Theorem 3.4. Let T = kerS (ϕ). First assume that ϕ induces a scheme ring monomorphism
ϕ˜ : C(S//T ) → C S˜ such that ϕ = ϕ˜π . Then for any s ∈ T , sT = 1T implies that
ϕ(σs) = ϕ˜π(σs) = ϕ˜
(
ns
nsT
σsT
)
=
(
ns
n1T
)
ϕ˜(σ1T ) = nsσ1˜.
That is, ϕ(σs) = nsσ1˜ for any s ∈ kerS (ϕ).
Now assume that for any s ∈ T , ϕ(σs) = nsσ1˜ . Then we prove that ϕ induces a scheme ring
monomorphism ϕ˜ : C(S//T ) → C S˜ such that ϕ = ϕ˜π . Let us ﬁrst show that
npT
np
ϕ(σp) =
nqT
nq
ϕ(σq), for any p,q ∈ S such that pT = qT . (3.1)
Let p,q ∈ S such that pT = qT . Since T is normal by Theorem 3.3(i), we see that pT = qT by
[Z, Lemma 4.1.1]. Hence, ϕ(σp) = λϕ(σq) for some positive number λ by Theorem 3.3(ii). Note that
ϕ(σp∗σp) = ϕ
(∑
s∈T
ap∗psσs +
∑
s∈S\T
ap∗psσs
)
=
∑
s∈T
ap∗psnsσ1˜ +
∑
s∈S\T
ap∗psϕ(σs).
Since for any s ∈ S \ T , ϕ(σs) is not a scalar multiple of σ1˜ , we see that the coeﬃcient of σ1˜ in
ϕ(σp∗σp) is
∑
s∈T ap∗psns . But on the other hand, ϕ(σp) = λϕ(σq) yields that
ϕ(σp∗σp) = ϕ(σp∗)ϕ(σp) = λϕ(σp∗)ϕ(σq) = λϕ(σp∗σq)
= λϕ
(∑
s∈T
ap∗qsσs +
∑
s∈S\T
ap∗qsσs
)
= λ
∑
s∈T
ap∗qsnsσ1˜ + λ
∑
s∈S\T
ap∗qsϕ(σs).
So the coeﬃcient of σ1˜ in ϕ(σp∗σp) is λ
∑
s∈T ap∗qsns . Thus,
∑
ap∗psns = λ
∑
ap∗qsns. (3.2)s∈T s∈T
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∑
s∈T
ap∗psns =
(∑
s∈T
apsp
)
np∗
by Lemma 3.5. On the other hand, since pT = qT , we see that q ∈ pT , and hence ∑s∈T apsq =∑
s∈T apsp by Lemma 3.1. Thus, it follows from Lemma 3.5 that
∑
s∈T
ap∗qsns =
(∑
s∈T
apsq
)
nqnp∗/np =
(∑
s∈T
apsp
)
nqnp∗/np .
So (3.2) yields that λ = np/nq . Hence, for any p,q ∈ S such that pT = qT , we have proved that ϕ(σp) =
(np/nq)ϕ(σq). Therefore, (3.1) holds.
Thus, the map
{
σsT
∣∣ sT ∈ S//T }→ C S˜, σsT → nsTns ϕ(σs)
is well deﬁned by (3.1). By linearly extending this map to C(S//T ), we get a linear map
ϕ˜ : C(S//T ) → C S˜
such that
ϕ˜(σsT ) =
nsT
ns
ϕ(σs), ∀sT ∈ S//T . (3.3)
Clearly ϕ = ϕ˜π .
Now we show that ϕ˜ is an algebra homomorphism. For any s ∈ S and any w ∈ sT , (3.1) yields that
ϕ(σw) = nw
nwT
nsT
ns
ϕ(σs).
So for any pT ,qT ∈ S//T , from (3.3) we get that
ϕ˜(σpT )ϕ˜(σqT ) =
npT
np
nqT
nq
∑
w∈S
apqwϕ(σw)
=
∑
sT ∈S//T
(
npT
np
nqT
nq
∑
w∈sT
apqwϕ(σw)
)
=
∑
sT ∈S//T
[
npT
np
nqT
nq
∑
w∈sT
(
apqw
nw
nwT
)]
nsT
ns
ϕ(σs)
=
∑
sT ∈S//T
[
npT
np
nqT
nq
∑
w∈sT
(
apqw
nw
nwT
)]
ϕ˜(σsT ). (3.4)
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npT
np
nqT
nq
∑
w∈sT
(
apqw
nw
nwT
)
=
∑
w∈sT
∑
t∈T apqwawtw∑
t∈T aptp ·
∑
t∈T aqtq
= apT qT sT .
Thus, (3.4) yields that
ϕ˜(σpT )ϕ˜(σqT ) =
∑
sT ∈S//T
apT qT sT ϕ˜(σsT ) = ϕ˜(σpT σqT ).
Hence, ϕ˜ is an algebra homomorphism. Clearly ϕ˜(σ1T ) = ϕ(σ1) = σ1˜ . So ϕ˜ is a scheme ring homo-
morphism. Note that kerS//T (ϕ˜) = {σ1T }. So ϕ˜ is injective by Theorem 3.3. 
Let S and S˜ be naturally valenced association schemes, and let ϕ : CS → C S˜ be a scheme ring
homomorphism. If kerS (ϕ) is a ﬁnite subset of S , then for any s ∈ kerS (ϕ), ϕ(σs) = nsσ1˜ by [X2,
Lemma 2.2]. So as a direct consequence of Theorem 3.4, we have the following
Corollary 3.6. (See [X2, Theorem 2.9].) Let S and S˜ be naturally valenced association schemes, and let
ϕ : CS → C S˜ be a scheme ring homomorphism. If kerS (ϕ) is a ﬁnite subset of S, then ϕ induces a scheme
ring monomorphism
ϕ˜ : C(S//kerS(ϕ))→ C S˜
such that
ϕ = ϕ˜π,
where π : CS → C(S//kerS (ϕ)) is the canonical scheme ring epimorphism.
Let S and S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
ϕ : CS → C S˜ be a scheme ring homomorphism induced by a combinatorial morphism φ : (X, S) →
( X˜, S˜). Then ϕ(σs) = (ns/nφ(s))σφ(s) , for any s ∈ S , and kerS (ϕ) = ker(φ). Thus, for any s ∈ kerS(ϕ),
ϕ(σs) = nsσ1˜ . So we have the following corollary by Theorem 3.4.
Corollary 3.7. Let S and S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
ϕ : CS → C S˜ be a scheme ring homomorphism induced by a combinatorial morphism φ : (X, S) → ( X˜, S˜).
Then ϕ induces a scheme ring monomorphism
ϕ˜ : C(S//kerS(ϕ))→ C S˜
such that
ϕ = ϕ˜π,
where π : CS → C(S//kerS (ϕ)) is the canonical scheme ring epimorphism.
4. Combinatorial morphisms of association schemes
In this section we will ﬁrst study basic properties of quasi-algebraic morphisms. Then we prove
Theorem 1.8 and its corollaries.
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π : (X, S) → (X/T , S//T ), x → xT , s → sT
is a combinatorial morphism, called the canonical epimorphism from (X, S) to (X/T , S//T ).
Let S be a naturally valenced association scheme on a set X , and T a normal closed subset of S .
Then the quotient S//T is an association scheme on the set X/T by Theorem 1.5. The next lemma
follows immediately from Theorem 1.6.
Lemma 4.1. Let S be a naturally valenced association scheme on a set X , and T a normal closed subset of S.
Then the canonical epimorphism π : (X, S) → (X/T , S//T ) induces the canonical scheme ring epimorphism
(also denoted by π )
π : CS → C(S//T ).
Let S , S˜ be association schemes on sets X and X˜ , respectively, and let φ : (X, S) → ( X˜, S˜) be a
combinatorial morphism such that ker(φ) is a quotient subset of S . Then similar to [Z, Lemma 5.1.4],
for any x, y ∈ X , xker(φ) = y ker(φ) if and only if φ(x) = φ(y), and for any r, s ∈ S such that rker(φ) =
sker(φ) , we have φ(r) = φ(s). Therefore, the map
φ : (X/ker(φ))∪ (S//ker(φ))→ X˜ ∪ S˜, xker(φ) → φ(x), sker(φ) → φ(s)
is well deﬁned. For any x, y ∈ X and s ∈ S such that (xker(φ), y ker(φ)) ∈ sker(φ) , we see that (x, y) ∈
ker(φ)s ker(φ), and hence
(
φ(x),φ(y)
) ∈ φ(ker(φ)s ker(φ))⊆ φ(ker(φ))φ(s)φ(ker(φ))= {φ(s)}.
Thus, (φ(x),φ(y)) ∈ φ(s). So φ is a combinatorial morphism from (X/ker(φ), S//ker(φ)) to ( X˜, S˜),
and is called the morphism induced by φ. Note that the restriction of φ to X/ker(φ) is injective, while
the restriction of φ to S//ker(φ) may not be injective. So φ is not necessarily injective. Furthermore,
φ = φπ,
where π : (X, S) → (X/ker(φ), S//ker(φ)) is the canonical epimorphism.
The next lemma is proved in [X2, Lemma 3.3(ii)] under the assumption that ker(φ) is a ﬁnite
subset of S . This result is also true without assuming that ker(φ) is ﬁnite.
Lemma 4.2. Let S and S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
ϕ : CS → C S˜ be a scheme ring homomorphism induced by a combinatorial morphism φ : (X, S) → ( X˜, S˜). Let
T := ker(φ) = kerS(ϕ), and φ : (X/T , S//T ) → ( X˜, S˜) the morphism induced by φ . Let ϕ˜ : C(S//T ) → C S˜
be the scheme ring monomorphism induced by ϕ (see Corollary 3.7). Then φ induces ϕ˜ .
Proof. Let π : CS → C(S//T ) be the canonical scheme ring epimorphism. Since π(σs) = (ns/nsT )σsT
and ϕ(σs) = (ns/nφ(s))σφ(s) , for any s ∈ S , and ϕ = ϕ˜π by Corollary 3.7, we see that
ϕ˜(σsT ) =
nsT
nφ(s)
σφ(s), for any s ∈ S.
Since φ(sT ) = φ(s) for any s ∈ S , it follows that φ induces ϕ˜ . 
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schemes.
Lemma 4.3. Let S, S˜ be association schemes on sets X and X˜ , respectively, and let φ : (X, S) → ( X˜, S˜) be a
quasi-algebraic morphism. Then the following hold.
(i) For any nonempty subsets P and Q of S, φ(P Q ) = φ(P )φ(Q ).
(ii) For any nonempty subset P of S, φ−1(φ(P )) = P ker(φ) = (ker(φ))P .
(iii) If T is a closed subset of S, then φ(T ) is a closed subset of S˜ .
(iv) If T˜ is a closed subset of S˜ , then φ−1(T˜ ) is a closed subset of S.
Proof. (i), (iii), and (iv) follow directly from the deﬁnition of a quasi-algebraic morphism of associa-
tion schemes. In the following we prove (ii).
Since φ(P ker(φ)) = φ(P )φ(ker(φ)) = φ(P ) by (i), it follows that P ker(φ) ⊆ φ−1(φ(P )). On the
other hand, let r ∈ φ−1(φ(P )). Then φ(r) = φ(p) for some p ∈ P . Thus,
1 X˜ ∈ φ(p)∗φ(p) = φ
(
p∗
)
φ(r) = φ(p∗r).
So there exists s ∈ ker(φ) such that s ∈ p∗r. Hence, r ∈ ps ⊆ P ker(φ). Thus, φ−1(φ(P )) ⊆ P ker(φ).
This proves that φ−1(φ(P )) = P ker(φ). Similarly, we can show that φ−1(φ(P )) = (ker(φ))P , and (ii)
holds. 
The next theorem is a direct consequence of Lemma 4.3(ii).
Theorem 4.4. Let S, S˜ be association schemes on sets X and X˜ , respectively, and let φ : (X, S) → ( X˜, S˜) be a
quasi-algebraic morphism. Then the following hold.
(i) ker(φ) is a normal closed subset of S.
(ii) Let r, s ∈ S. Then r ker(φ) = s ker(φ) if and only if φ(r) = φ(s).
(iii) φ is injective if and only if ker(φ) = {1}.
Let S , S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
φ : (X, S) → ( X˜, S˜) be a quasi-algebraic morphism. Then ker(φ) is a normal closed subset of S by The-
orem 4.4, and hence the quotient S//ker(φ) is an association scheme on X/ker(φ) by Theorem 1.5.
Also φ(S) is a closed subset of S˜ by Lemma 4.3(iii). However, the quotient scheme S//ker(φ) may
not be isomorphic to the subscheme of S˜ determined by φ(S). See Example 4.13 below for such an
example. But we have the following theorem. Let φ(s)φ(X) := φ(s)∩ (φ(X)× φ(X)), for any s ∈ S , and
φ(S)φ(X) := {φ(s)φ(X) | s ∈ S}.
Theorem 4.5. Let S, S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
φ : (X, S) → ( X˜, S˜) be a quasi-algebraic morphism. Let
φ : (X/ker(φ), S//ker(φ))→ ( X˜, S˜)
be the morphism induced by φ . Then φ is an injective quasi-algebraic morphism, φ(S)φ(X) is an association
scheme on φ(X), and
S//ker(φ) ∼= φ(S)φ(X).
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φ
(
pT qT
)= φ(pq//T ) = φ(pq) = φ(p)φ(q) = φ(pT )φ(qT ).
Thus, φ is a quasi-algebraic morphism. Since kerφ = {1T }, φ is injective by Theorem 4.4(iii). Therefore,
φ induces a bijection
φ ′ : (X/T ) ∪ (S//T ) → φ(X) ∪ φ(S)φ(X), xT → φ(x), sT → φ(s)φ(X).
Since for any xT , yT ∈ X/T and any sT ∈ S//T such that (xT , yT ) ∈ sT , we have (φ ′(xT ), φ ′(yT )) ∈
φ ′(sT ), it follows that φ(S)φ(X) is an association scheme on φ(X), and
S//ker(φ) ∼= φ(S)φ(X). 
Remark. Let S , S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
φ : (X, S) → ( X˜, S˜) be a quasi-algebraic morphism. Then the association scheme φ(S)φ(X) in Theo-
rem 4.5 may not be a subscheme of S˜ . That is, it is possible that φ(X) = φ(x)φ(S) for any x ∈ X .
Furthermore, φ is not necessarily surjective when φ(S) = S˜ . See Example 4.13 below for such an
example.
The rest of this section is devoted to prove Theorem 1.8 and its corollaries. We need a few lemmas
ﬁrst. The next lemma is proved in [X2, Lemma 3.1] under the assumption that ker(φ) is a ﬁnite subset
of S . Here our approach is different from [X2].
Lemma 4.6. Let S, S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
φ : (X, S) → ( X˜, S˜) be a combinatorial morphism such that ker(φ) is a quotient subset of S. Let T = ker(φ).
Then the following hold.
(i) For any p,q, r ∈ S, aφ(p)φ(q)φ(r)  apT qT rT .
(ii) For any s ∈ S, nφ(s)  nsT .
Proof. Recall that φ induces the morphism φ : (X/ker(φ), S//ker(φ)) → ( X˜, S˜) such that
φ(xT ) = φ(x), for any xT ∈ X/T and φ(sT )= φ(s), for any sT ∈ S//T .
Let pT ,qT , rT ∈ S//T , and yT , zT ∈ X/T such that (yT , zT ) ∈ rT . Then (φ(y),φ(z)) ∈ φ(r). Further-
more, for any xT ∈ X/T such that (yT , xT ) ∈ pT and (xT , zT ) ∈ qT , we have that (φ(y),φ(x)) ∈ φ(p)
and (φ(x),φ(z)) ∈ φ(q). Thus, since the restriction of φ to X/T is injective, φ induces an injective
map xT → φ(x) from the set
{
xT ∈ X/T ∣∣ (yT , xT ) ∈ pT and (xT , zT ) ∈ qT }
to the set
{
x˜ ∈ X˜ ∣∣ (φ(y), x˜) ∈ φ(p) and (x˜, φ(z)) ∈ φ(q)}.
Thus, we have that
apT qT rT  aφ(p)φ(q)φ(r).
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That is,
npT  nφ(p), for any p ∈ S.
So (ii) holds. 
The next lemma gives necessary and suﬃcient conditions under which the equalities in Lemma 4.6
hold.
Lemma 4.7. Let S, S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
φ : (X, S) → ( X˜, S˜) be a combinatorial morphism such that ker(φ) is a quotient subset of S. Let T = ker(φ).
Then the following are equivalent.
(i) For any s ∈ S, nφ(s) = nsT .
(ii) For any p,q, r ∈ S, aφ(p)φ(q)φ(r) = apT qT rT .
(iii) The morphism φ : (X/T , S//T ) → ( X˜, S˜) induced by φ is a quasi-algebraic morphism. Furthermore,
φ(S) is a closed subset of S˜ , and the quotient scheme S//T is isomorphic to the subscheme of S˜ de-
termined by φ(S). That is,
S//T ∼= φ(S)φ(x)φ(S), for any x ∈ X .
Proof. (i) ⇒ (ii) Let φX/T be the restriction of φ to X/T . Let x ∈ X and s ∈ S . Then |φ(x)φ(s)| = nφ(s) =
nsT = |(xT )sT |. Since φX/T is injective, we see that
∣∣φ((xT )sT )∣∣= ∣∣(xT )sT ∣∣= ∣∣φ(x)φ(s)∣∣.
But φ((xT )sT ) ⊆ φ(x)φ(s). Hence, S˜ naturally valenced implies that
φ
(
(xT )sT
)= φ(x)φ(s), for any x ∈ X and s ∈ S. (4.1)
Let y, z ∈ X and p,q, r ∈ S such that (yT , zT ) ∈ rT . Then (φ(y),φ(z)) ∈ φ(r), and hence
apT qT rT =
∣∣(yT )pT ∩ (zT )(qT )∗∣∣, aφ(p)φ(q)φ(r) = ∣∣φ(y)φ(p) ∩ φ(z)φ(q)∗∣∣.
But φX/T injective and (4.1) yield that
∣∣(yT )pT ∩ (zT )(qT )∗∣∣= ∣∣φ((yT )pT ∩ (zT )(qT )∗)∣∣
and
φ
(
(yT )pT ∩ (zT )(qT )∗)= φ((yT )pT )∩ φ((zT )(qT )∗)= φ(y)φ(p) ∩ φ(z)φ(q)∗.
Thus,
apT qT rT = aφ(p)φ(q)φ(r), for any p,q, r ∈ S.
So (ii) holds.
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φ(p) = φ(q). Note that (ii) trivially implies (i). So (4.1) also holds. Thus, for any x ∈ X ,
φ
(
(xT )pT
)= φ(x)φ(p) and φ((xT )qT )= φ(x)φ(q).
But φ(p) = φ(q) and the restriction of φ to X/T is injective. So we must have that (xT )pT = (xT )qT ,
and hence pT = qT . This proves that the restriction of φ to S//T is injective. So φ is injective.
Now we show that φ is a quasi-algebraic morphism. For any p,q ∈ S , φ(pT qT ) ⊆ φ(pT )φ(qT ) by
[Z, Lemma 5.1.1]. So φ injective implies that
σ
φ(pT )
σ
φ(qT )
=
∑
rT ∈pT qT
a
φ(pT )φ(qT )φ(rT )
σ
φ(rT )
+
∑
s˜∈φ(pT )φ(qT )\φ(pT qT )
a
φ(pT )φ(qT )s˜
σs˜.
Hence, from [Z, Lemma 1.1.3(iv)],
nφ(p)nφ(q) = n
φ(pT )
n
φ(qT )
=
∑
rT ∈pT qT
a
φ(pT )φ(qT )φ(rT )
n
φ(rT )
+
∑
s˜∈φ(pT )φ(qT )\φ(pT qT )
a
φ(pT )φ(qT )s˜
ns˜
=
∑
rT ∈pT qT
aφ(p)φ(q)φ(r)nφ(r) +
∑
s˜∈φ(pT )φ(qT )\φ(pT qT )
a
φ(pT )φ(qT )s˜
ns˜
=
∑
rT ∈pT qT
apT qT rT nrT +
∑
s˜∈φ(pT )φ(qT )\φ(pT qT )
a
φ(pT )φ(qT )s˜
ns˜
= npT nqT +
∑
s˜∈φ(pT )φ(qT )\φ(pT qT )
a
φ(pT )φ(qT )s˜
ns˜.
But nφ(p)nφ(q) = npT nqT . So we must have that φ(pT qT ) = φ(pT )φ(qT ). That is, φ is a quasi-algebraic
morphism. Hence, φ(S) = φ(S//T ) is a closed subset of S˜ by Lemma 4.3(iii).
Since φ is an injective quasi-algebraic morphism, φ(X/T ) = φ(X), φ(S//T ) = φ(S), Theorem 4.5
implies that (φ(X),φ(S)φ(X)) is an association scheme, and φ induces an isomorphism
φ ′ : (X/T , S//T ) → (φ(X),φ(S)φ(X)), yT → φ(y), sT → φ(s)φ(X).
Let x ∈ X . In the following we show that φ(X) = φ(x)φ(S). For any y ∈ X , there exists s ∈ S such
that (x, y) ∈ s, and hence (φ(x),φ(y)) ∈ φ(s). So φ(y) ∈ φ(x)φ(s) ⊆ φ(x)φ(S). Thus, φ(X) ⊆ φ(x)φ(S).
On the other hand, for any s ∈ S , we have φ((xT )sT ) = φ(x)φ(s) by (4.1). Thus, φ(x)φ(s) ⊆ φ(X/T ) =
φ(X), for any s ∈ S , and hence φ(x)φ(S) ⊆ φ(X). This proves that φ(X) = φ(x)φ(S), for any x ∈ X .
Thus,
S//T ∼= φ(S)φ(x)φ(S), for any x ∈ X .
So (iii) holds.
(iii) ⇒ (i) Note that φ is injective by Theorem 4.4(iii). Let φ ′ be the isomorphism as in the
proof of “(ii) ⇒ (iii)”. Note that for any s ∈ S , nφ(s) = nφ(s)φ(x)φ(S) by the deﬁnition of the subscheme
(φ(x)φ(S),φ(S)φ(x)φ(S)). Thus, for any sT ∈ S//T , nsT = n ′ T = nφ(s) , and (i) holds. φ (s )
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morphism. For any nonempty subset T of S , deﬁne
ϕ(T ) := {s˜ ∈ S˜ ∣∣ σs˜ is a positive scalar multiple of ϕ(σs) for some s ∈ T }.
If T is a closed subset of S , then ϕ(T ) is a closed subset of S˜ by [X2, Lemma 2.3(ii)]. Furthermore,
we have the following
Lemma 4.8. (See [X2, Lemma 2.4].) Let S, S˜ be naturally valenced association schemes, and let T and T˜ be
closed subsets of S and S˜, respectively. Let ϕ : CT → CT˜ be a scheme ring monomorphism. If for any s ∈ T ,
there is s˜ ∈ T˜ such that ϕ(σs) = (ns/ns˜)σs˜ , then CT ∼=x C(ϕ(T )).
The next lemma gives another necessary and suﬃcient condition under which the equalities in
Lemma 4.6 hold.
Lemma 4.9. Let S, S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
φ : (X, S) → ( X˜, S˜) be a combinatorial morphism such that ker(φ) is a quotient subset of S. Let T = ker(φ),
and φ : (X/T , S//T ) → ( X˜, S˜) the morphism induced by φ . Then the following are equivalent.
(i) For any s ∈ S, nφ(s) = nsT .
(ii) φ induces a scheme ring monomorphism ϕ : C(S//T ) → C( S˜).
Proof. (i) ⇒ (ii) For any x ∈ X , there is an isomorphism
(X/T , S//T ) → (φ(x)φ(S),φ(S)φ(x)φ(S)), yT → φ(y), sT → φ(s)φ(x)φ(S)
by Lemma 4.7. So there is an exact isomorphism
ψ : C(S//T ) → C(φ(S)φ(x)φ(S)), σsT → σφ(s)φ(x)φ(S) .
Note that there is a scheme ring monomorphism
ι : C(φ(S)φ(x)φ(S))→ C S˜, σφ(s)φ(x)φ(S) → σφ(s).
Let ϕ := ιψ . Then
ϕ : C(S//T ) → C( S˜), σsT → σφ(s)
is a scheme ring monomorphism. Since nφ(s) = nsT , for any s ∈ S , ϕ is induced by φ, and (ii) holds.
(ii) ⇒ (i) Since for any s ∈ S , ϕ(σsT ) = (nsT /nφ(s))σφ(s) , we see that nφ(s) = nsT by Lemma 4.8. So
(i) holds. 
Now we are ready to prove Theorem 1.8.
Proof of Theorem 1.8. First assume that the morphism φ : (X, S) → ( X˜, S˜) induces a scheme ring ho-
momorphism ϕ : CS → C S˜ . Then ker(φ) = kerS(ϕ) is a normal closed subset of S by Theorem 3.3(i),
and (i) holds. Furthermore, ϕ induces a scheme ring monomorphism
ϕ˜ : C(S//kerS(ϕ))→ C S˜
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epimorphism. Let T = ker(φ) = kerS(ϕ). Then for any sT ∈ S//T ,
ϕ˜(σsT ) =
nsT
nφ(s)
σφ(s)
by Lemma 4.2. Therefore, for any sT ∈ S//T , nsT = nφ(s) by Lemma 4.8, and (ii) holds.
Now we assume that (i) and (ii) hold, and T = ker(φ). Then T is a quotient subset of S by Theo-
rem 1.5, and we have a scheme ring epimorphism π : CS → C(S//T ) such that
π(σs) = ns
nsT
σsT , for any σs ∈ σS
by Theorem 1.6. Furthermore, there is a scheme ring monomorphism ϕ : C(S//T ) → C S˜ such that
ϕ(σsT ) = σφ(s), for any σsT ∈ σS//T
by Lemma 4.9. Let ϕ := ϕπ . Then ϕ : CS → C S˜ is a scheme ring homomorphism such that
ϕ(σs) = ns
nsT
σφ(s) = ns
nφ(s)
σφ(s), for any σs ∈ σS .
So ϕ is induced by φ. 
Theorem 1.8 has a few corollaries. First of all, Corollary 1.9 follows directly from Theorems 1.8
and 4.4(i). The next corollary is a direct consequence of Theorem 1.8.
Corollary 4.10. Let S, S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
φ : (X, S) → ( X˜, S˜) be a combinatorial morphism. If S is commutative, then φ induces a scheme ring homo-
morphism ϕ : CS → C S˜ if and only if for any s ∈ S, nφ(s) = nsT , where T = ker(φ).
The next corollary says that morphisms that induce scheme ring homomorphisms have better
properties. This result is proved in [X2, Lemma 3.5(ii)] under the assumption that ker(φ) is a ﬁnite
subset.
Corollary 4.11. Let S, S˜ be naturally valenced association schemes on sets X and X˜ , respectively, and let
φ : (X, S) → ( X˜, S˜) be a combinatorial morphism. Assume that φ induces a scheme ring homomorphism
ϕ : CS → C S˜ . Then the following hold.
(i) φ is injective if and only if ker(φ) = {1}.
(ii) φ is surjective if and only if φ(S) = S˜ .
Proof. We only need to prove that if φ(S) = S˜ , then φ is surjective. Let T = ker(φ). Since φ induces
a scheme ring homomorphism ϕ : CS → C S˜ , for any s ∈ S , nsT = nφ(s) by Theorem 1.8. Thus, as in
the proof of “(ii) ⇒ (iii)” in Lemma 4.7, φ(X) = φ(x)φ(S) for any x ∈ X . So φ(S) = S˜ implies that
φ(X) = X˜ , and φ is surjective. 
The next two examples have been cited several times throughout the paper.
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symmetric. That is, there exists s ∈ S such that s∗ = s. Let S˜ be the symmetrization of S . That is,
S˜ = {s˜ | s˜ = s ∪ s∗, all s ∈ S}. It is well known that S˜ is a naturally valenced association scheme on X .
Deﬁne φ : X ∪ S → X ∪ S˜ by
φ(x) = x, for all x ∈ X; and φ(s) = s ∪ s∗, for all s ∈ S.
Then φ is a combinatorial morphism from (X, S) to (X, S˜). Let φX and φS be the restriction of φ to X
and S , respectively. Then φX is bijective, φS is surjective, but φS is not injective (because φ(s) = φ(s∗)
for all s ∈ S). Thus, φ is not a monomorphism. Note that ker(φ) = {1}. So φ is not a quasi-algebraic
morphism by Theorem 4.4(iii).
Example 4.13. Let X = {xi | 1 i  6}, and S := {s1 = 1X , s2, s3}, where
s2 =
{
(x1, x2), (x2, x1), (x3, x4), (x4, x3), (x5, x6), (x6, x5)
}
,
s3 = (X × X) \ (s1 ∪ s2).
Then S is an association scheme on X . Let X˜ = {x˜i | 1 i  8}, and S˜ := {s˜1 = 1 X˜ , s˜2, s˜3}, where
s˜2 =
{
(x˜1, x˜2), (x˜2, x˜1), (x˜3, x˜4), (x˜4, x˜3), (x˜5, x˜6), (x˜6, x˜5), (x˜7, x˜8), (x˜8, x˜7)
}
,
s˜3 = ( X˜ × X˜) \ (s˜1 ∪ s˜2).
Then S˜ is also an association scheme on X˜ . Deﬁne
φ : (X, S) → ( X˜, S˜), xi → x˜i, 1 i  6, s j → s˜ j, 1 j  3.
Then φ is a quasi-algebraic morphism, and φ(S) = S˜ . But φ does not induce a scheme ring homomor-
phism. Furthermore, φ(X) = φ(xi)φ(S) for any 1 i  6. So the association scheme (φ(X),φ(S)φ(X))
is not a subscheme of ( X˜, S˜).
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